k-MLE for mixtures of generalized Gaussians
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Abstract

We introduce an extension of the k-MLE algorithm,
a fast algorithm for learning statistical mixture mod-
els relying on maximum likelihood estimators, which
allows to build mixture of generalized Gaussian distri-
butions without a fixed shape parameter. This allows
us to model finely probability density functions which
are made of highly non Gaussian components. We the-
oretically prove the local convergence of our method
and show experimentally that it performs comparably
to Expectation-Maximization methods while being more
computationally efficient.

1. Introduction

Mixture models are fruitful and universal tools for
estimating unknown densities. The most common mix-
tures are the mixtures of Gaussians but a lot of work
have been devoted to other kinds of distributions. Nev-
ertheless the choice of the underlying component dis-
tribution is often difficult. Once the family of dis-
tributions for the components has been chosen, the
task is to learn the parameters (w;,6;) of the mix-
ture Zle w;p(x;0;). The most famous method is the
Expectation-Maximization algorithm which is designed
to maximize the expected complete likelihood of the
mixture. This algorithm is well-known for the cel-
ebrated Gaussian mixture models, and some variants
have been proposed to learn mixtures of various types
of distributions, including generalized Gaussian [1]] and
Laplace laws [5]. One of the most promising extension
is the Bregman Soft Clustering algorithm [2]] which al-
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lows to use any exponential family for the underlying
distribution. In recent work, the k-Maximum Likeli-
hood estimator [8] has been proposed: this algorithm
relies on the maximum likelihood estimator of the un-
derlying distribution and on k-means like update steps
to maximize the complete log-likelihood function, but
the method was first described for the case where all
the components belong to the same exponential family,
which is not the case of the generalized Gaussians with
varying shape parameter.

The paper is organized as follows: Section 2] recalls
basics on generalized Gaussian distributions; Section
presents the original k-MLE method [§]]. Section []
describes the extension to generalized Gaussians and
proves the local convergence. Section [5] presents some
experimental results on synthetic data.

2. Generalized Gaussian
2.1. Definition

The generalized Gaussian (GG) replaces the square
in the usual Gaussian distribution by a parameter f.
This family thus contains the normal law (6 = 2), the
Laplace law (5 = 1) and even the uniform law in the

limit case (8 — +00).
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with « > 0 (the scale parameter) and 5 > 0 (the shape
parameter).

Generalized Gaussian distributions have been suc-
cessfully used in problems of texture classification [4}
3]] and mixtures of these distributions have been used
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Figure 1. Probability densities of general-
ized Gaussians for various shape param-
eters §.

for image/video segmentation [1]]. We focus here on
one-dimensional distributions but a multivariate gener-
alized Gaussian can be written as a product of such one-
dimensional laws.

A member of an exponential family [9]] admits the
following canonical decomposition:

p(x;0) = exp((t(x),0) — F(0) + k(x))  (2)

with t(x) the sufficient statistic, 6 the natural parame-
ters, F' the log-normalizer, and k(z) the carrier mea-
sure. Generalized Gaussian are exponential families for
both fixed p and 8 with the parameters: t(z) = —|x —

w?,0=a"P F(0) = —pBlog(d)+log (%)’ and
k(z) =0.

2.2. Maximum likelihood estimator (MLE)

There is no maximum likelihood estimator known
in closed-form but [4] proposed a numerical scheme to
estimate the parameters o and S (with p = 0). Us-
ing results from the framework of exponential fami-
lies, we can estimate the expectation parameters n =
VE*(f) = —+ = XN t(x;) (where F* is the Legen-
dre dual of F', see [9] for more details).

For a given 6, /3 can be estimated as the solution of

the equation:
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This can be solved using the Newton-Raphson
method initialized by a dichotomic search between 3 =
0 and 8 = 20 (for a high enough 3 the generalized
Gaussian law is very close to a uniform law). In some
applications, it may be worth limiting the estimation to
this dichotomic search in order to reduce the computa-
tion time.
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Notice that in the case p # 0, it is sufficient to
translate the observation and to learn the parameters for
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3. k-Maximum Likelihood estimators

Mixture models are traditionally learned using the
expectation-maximization (EM) soft clustering tech-
nique that monotonically increases the expected incom-
plete likelihood. Given prescribed mixture weights,
the hard clustering k-MLE algorithm iteratively assigns
data to the most likely weighted component and updates
the component models using Maximum Likelihood Es-
timators. After this step, which can be reduced to a k-
means problem, the weights are updated. The algorithm
loops until it reaches a maximum of the complete log-
likelihood [8]]:
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where w; > 0 is the weight of the i-th component
Q- w; = 1, the z; are the missing component labels
and ¢;(z;) = 1if and only if z; has been sampled from
the j-th component, and 0 otherwise.

4. k-MLE with component-wise families
4.1. Algorithm

The original k-MLE algorithm [8]] was described to
learn mixture models where all the components belong
to the same exponential family. Although the general-
ized Gaussian distribution is an exponential family this
is only true for a fixed shape parameter 5. This is in-
teresting by itself since it would allow to build a mix-
ture of Gaussian distributions (for § = 2) or a mixture
of Laplace distribution (for 5 = 1) but it does not ex-
ploit the full power of generalized Gaussian mixtures.
We present here an extension of the k-MLE algorithm
which allows to learn a different shape parameter g for
each component. We minimize the same cost function,
the complete log-likelihood of the mixture:
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Using the bijection between exponential families
and dual Bregman divergences [2] which states that



log pr; (x]0;) = =Bry- (t(x) : n;) + ;" (¢(2)) + k(2),
where 7; = VF}(0;) is the moment parameterization
of the j-th component exponential family distribution,
we mathematically rewrite the log-likelihood as:
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Let C; be the set of index values of the observations

sampled from the j-th component. Maximizing the log-
likelihood [ is equivalent to minimizing the cost func-

tion —{: k
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is the cost for the observation ¢ to have been sampled
from the component j. Notice this cost depends on j
since each component has a different generator F; and
a different carrier measure k;.

The problem of the minimization of the cost func-
tion —[ can be seen as the resolution of a generalized
k-means problem for the costs D; (this is not a distance
nor a divergence, and it can even be negative). The res-
olution of this problem with the Lloyd algorithm is dis-
cussed in Subsection 4.2

The k-means problem has been solved for fixed w;
and for fixed §; (thus for fixed £ and k;): we can im-
prove the log-likelihood by maximizing over these two
parameters. After the iterations of the Lloyd algorithm
the log-likelihood is equal to:
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where v; = # is the proportion of observations
which have been assigned to cluster j.

The first term of this sum has been optimized by the
Lloyd algorithm so we can focus on the second term.
The w; parameters should be chosen in order to max-
imize the cross-entropy quantity [8] Zle v; log w;
which reaches its maximum for w; = y; for all j.
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The remaining term 5, (307, Fj™ (t(x:)) +

k;(x;)) can be maximized by taking well-chosen Fj

and k; on each cluster. In the case of the generalized
Gaussian distributions this amounts to finding the best
5 and 3; parameters (since the «;; are contained within
the expectation parameters 7);, they have been fixed dur-
ing the k-means step). This can be done by using the
maximum likelihood estimator for the shape and loca-
tion parameters of the generalized Gaussian:
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B; = the estimator in Eq. 3] (10)

The full algorithm can be summarized as follows:
1. Inmitialization (random or using k-MLE++[8]]);
2. Assignment z; = arg min; log(w;pr, (z:0;));

3. Update of the ) parameters 7, = = > __ ¢ t(xz;);
7
Goto step 2 until local convergence;

4. Update of the parameters wj, 11, 3;; Goto step 2
until local convergence of the complete likelihood.

4.2. Local convergence of the £-means

We now prove that the widespread Lloyd method
allows to find a local minimum by decreasing mono-
tonically the cost function. The Lloyd method iterates
over two main steps: assignment and centroid up-
dates. The sketch of the proof is very similar to the
usual proof, but we emphasize the fact the costs U; are
not distances nor divergences and may even be negative.

Let us denote by Ci(t) the content of the cluster 7 at

the ¢-th iteration and by ngt) the center of the cluster ¢ at
the ¢-th iteration. The cost function at the iteration ¢t is:
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The assignment step allocates each point z; to the
center 17; which minimizes the cost U;(z;,n;), so we

have:
7 <= Z Z
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For each cluster, the centroid update step

must solve the optimization problem n(t+1) =
argmlnnj Zq,ec(Hl)U (551777]) where the cost
)

function is:

ST By (b)) — Fy(t(x:) — kj(x) — logw;

. a(t41)
ZGCJ



Time

Figure 2. Computation time wrt. &

By removing the constant terms —F;"(t(z;)) —
k;j(z;) — logw,; which does not depend on
the centroids ngt) the original problem be-
comes equivalent to the following problem:

77§t+1) = argmin,- Ziec;t+1) Bp«(t(zs) : nj)
which is the problem of the computation of a right-
sided Bregman centroid [7]]: this centroid is known in
closed-form [2]] 77§t+1) = ZieC;Hl) t(xz;). Since the
centroid update minimizes the average cost to each
centroid, we now have:
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Combining the equations (I2) and (I3) we get a
global inequality which characterizes the monotonic de-
crease of the cost function.

5. Experiments on synthetic data

We randomly generate mixtures of 5 generalized
Gaussians. The parameters are chosen according to
a uniform law. To draw observations, random sam-
ples from generalized Gaussian are generated using the
method described in [[6]. We learn mixtures using the
classical Gaussian EM and our generalized Gaussian k-
MLE. Figure (3) shows the expected improvement in
terms of log-likelihood by not using Gaussian to learn
a non Gaussian mixture. Figure (2) shows the compu-
tation time: the improvement of the log-likelihood has
been done at no cost, showing the computational effi-
ciency of our algorithm.

6. Conclusion

We described a provably locally converging method
to learn mixtures of generalized Gaussian distribution

Log-likelihood ratio

Figure 3. Ratio between the log-likelihood
of EM and of £-MLE wrt. &

without a fixed shape parameter. This method extends
the algorithm k-MLE [8]] to the case where the compo-
nents of the mixture models do not belong to the same
exponential family. Experiments show that this exten-
sion competes favorably with the classical EM since it
allows to build more precise mixtures without an in-
crease of the computational cost. Moreover, the method
is not limited to generalized Gaussians and a direct ex-
tension would be to replace the 3 updates step by a
choice among a predefined set of exponential families.
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